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An automated method of modelling the electrical properties of the human thorax from horizontal section data such as computerized tomographic scans has been used to develop both forward and inverse transformations between epicardial and body surface potential distributions. Eleven torso models with varying geometry and organ configurations have been studied. For the forward calculations, a standard dipole-like source is placed along the axis of the heart. Inverse calculations are performed using a measured body surface potential distribution and are based on a division of the surface of the heart into 25 source regions, producing epicardial potentials on these regions. A regularization method is used to stabilize the inverse solutions. Both forward and inverse solutions show substantial differences between models. These findings imply that matching models with patient geometry may be necessary in order to use such solutions in a clinical setting. (Circulation Research 1987;61:504-513) I n an attempt to improve the clinical utility of electrocardiographic recordings, many workers have attempted to calculate the strength and location of sources within the heart that give rise to the measured electrocardiogram. This problem is known as the inverse problem of electrocardiography. It has a closely associated problem, called the forward problem, which is the calculation of torso surface potentials produced by known sources within the torso. Both these problems are solvable using numerical models of the electrical properties of the human torso, and a number of such models have been described previously (for example, Yamashita, 1 Kim et al, 2 and DeGuise et al 3 ) .
It is important to know to what extent forward and inverse calculations are affected by the various modelling assumptions that must always be made. This study describes forward and inverse calculations performed using a relatively automatic, computerized system that produces detailed resistor network models of human torsos. These models are based on digitized computerized tomographic (CT) torso scans and contain approximately 20,000 nodes. Both homogeneous and inhomogeneous models with various exterior and interior geometries have been studied to determine the extent to which geometrical variations affect the forward and inverse calculations. The effects on the forward solution have been obtained only for a single fixed-dipole source located within the myocardium.
The effects on the inverse solution have been obtained by applying a single set of measured electrocardiographic body surface data to each of the models in turn.
The inverse solutions presented here are in the form of epicardial potential distributions. Epicardial potentials were chosen because, for a given torso and in the absence of noise, they are uniquely determined by the body surface potential distribution. 4 Also, it is not necessary to model the internal structure of the heart to obtain potentials on a closed surface surrounding the heart. This is an advantage when using conventional CT scans because the internal structure of the heart is blurred in such scans.
Because no measured epicardial potentials are available that correspond to the measured body surface data used, the "correctness" of the inverse solutions obtained here cannot be determined. However, when applying such calculations in a clinical setting, the variability of the solutions between models gives an indication of whether or not it is necessary to use models that are individually matched to each patient.
Materials and Methods
The technique used to model torsos has been described previously. 5 The model is similar to that used by Lo, 6 although the models used in this study are substantially more detailed. Also, the procedures used here to set up the models are substantially more automated than those used by Lo, allowing multiple models to be set up without an unrealistic amount of effort.
Briefly, the model simulates, on a nonuniform rectangular grid, a three-dimensional resistor network that resembles the human torso both geometrically and electrically. A large, sparse system of linear equations that describes the potentials throughout the model is set up by applying Ohm's and KirchofFs laws at each node. This system is solved using the successive over-relaxation (SOR) method, 7 terminating iteration when the absolute change in any variable becomes less than 10~9 (approximately 10" 10 times the value of a typical variable). The values used for tissue resistivity in the models were obtained from Rush et al. 8 They summarize results of measurements of body tissue resistivity by Kaufman and Johnston, 9 Burger and VanMilaan, 10 Schwan and Kay," and Burger and VanDongen 12 as well as perform their own measurements. The values used are 2,100 Clem for the lungs, 380 ftcm for the heart, and 460 Hem for other regions of the torso. Bone is assumed to be nonconductive. The modelling is performed on a PDP 11/44 computer (Digital Equipment Corp., Marlboro, Mass.) One megabyte of memory (accessed via the memory management unit) is used as storage for the variables and equation coefficients; this allows models with up to 24,500 nodes to be solved in memory without disk I/O. A single forward calculation using a model with 20,000 nodes takes approximately 25 minutes.
The Models
Torso geometries were digitized from CT scans of 8 subjects. Over 20 CT-scan slices were available for each subject, and the available si ice spacing was always 1 cm. To keep the number of nodes in the models to a level that could be handled by the computing, not all of the available CT slices for a given subject were used. In the region of the heart, the slices used were always 1 cm apart. Elsewhere, slices 2 cm apart were used. To produce torso models of realistic size, the last (lowest) slice was often repeated several times to give an overall torso height of at least 45 cm. It was not necessary to extrapolate the top slice in this manner. No interpolation between slices was performed. An example of a digitized CT slice from each subject is shown in Figure  1 . Table 1 includes the number of distinct CT slices used to generate each model as well as the number of slices passing through the heart.
Eleven torso models were produced, the first 4 being based on a single subject. Models 1 and 5-11 include heart, lungs, spine, and sternum. Models 2-4 have identical external geometry to Model 1 but differ in the internal organs that have been included. Model 2 includes the heart, spine, and sternum (no lungs). Model 3 includes the heart and lungs (no spine or sternum). Model 4 includes only the heart (no lungs, spine, or sternum). In all cases, organs that are not specifically included in the model are assumed to be homogeneous and assigned the average torso conductivity. When the last CT slice was extrapolated to extend the torso model, the extended region generally was homogeneous except for the inclusion of the spine. An identical, nonuniform rectangular grid was used to approximate the slices in all models. The resolution of the grid was 7.5 mm in the neighborhood of the heart, increasing to 1 cm and then 1.5 cm farther from the heart. Table 1 lists the age, sex, lung volume, and chest circumference of each subject as well as the total number of nodes in each model, the number of nodes on the torso and epicardial surfaces, and the calculated optimum acceleration factors (used by the SOR method). Lung volumes and chest circumferences were calculated from the digitized torsos.
Not all of the torsos modelled have a completely normal internal geometry. The two major deviations occur in Model 8, where the axis of the heart lies almost in a horizontal plane and in model 11, where there is a large left pleural effusion.
Intracardiac blood masses have not been modelled for two reasons. When studying the forward problem, the aim was to determine the effect of varying torso geometry external to the heart. In addition, the inverse calculations performed using the methods described here are not affected by the internal structure of the heart because the epicardial surface nodes at which the potentials are calculated form a closed surface surrounding the heart.
No attempt was made to model the anisotropic skeletal muscle layer. Although, in a resistor network model, anisotropy may be modelled on an element by element basis (this was done by Lo 6 ), such an approach requires a large amount of data describing the distribution of muscle fiber direction and conductivity throughout the torso. Such detail was not available, especially since one of the aims was to produce multiple models from easily available data, such as from CT scans. Several groups (e.g., Stanley et al" and Gulrajani and Mailloux 14 ) have modelled the skeletal muscle layer by using a thicker, homogeneous layer following the suggestion made by McFee and Rush." This method, also, was not adopted because it would cause a significant increase in the number of nodes and because data on the distribution of skeletal muscle is not reliably obtainable from the CT scans used.
Forward Calculations
For the purposes of examining the effects of geometrical differences on the forward solutions, a dipolelike source located in the heart was used in all models. This was done so that differences in the solutions would not be due to variations in the size or shape of the sources between models. The dipole source was placed in each model so that the negative pole was located at the node closest to the center of mass of the heart. The positive pole was located 10 mm downwards, 7.5 mm left, and 7.5 mm in front of the negative pole. The poles were thus 14.58 mm apart. In most models, this positioning approximately aligned the dipole's axis along the heart's axis with the positive pole nearer the heart's apex. The positive and negative poles were held at potentials of + 1 mV and -1 mV, respectively.
The currents flowing at the dipole sources may vary from model to model because of the differing torso configurations. To check whether or not differences in the forward solutions were due to variations in the source currents, the source currents were calculated for each model once the forward solution had been obtained. This is easily done by obtaining the potentials at the nodes surrounding the source nodes and by using Ohm's law.
Inverse Calculations
For a given torso geometry, a matrix T is constructed so that the source distribution, h, and the torso surface potential distribution, b, are related according to the following matrix equation: (1) where h and b are n-and m-dimensional column vectors, respectively.,Solving the inverse problem then becomes the problem of solving the system of linear equations represented by equation 1 for the components of h in terms of T and b.
To construct the matrix T for a given torso model, the epicardial nodes are first grouped to form 25 source regions that cover the epicardium. There are between 668 and 976 epicardial nodes depending on the model. The 25 source regions are constructed so that they are of approximately equal size. The potential is assumed to be equal at all of the nodes within any one source region. The body surface potential distributions arising from a unit potential placed on each epicardial source region in turn (with zero on all other regions) is then calculated. These potential distributions form the columns of the matrix T A useful check on the convergence of these calculations was obtained by adding the solutions for all the source regions; this adding is equivalent to placing a unit potential on the entire heart surface. The exact numerical solution in this situation is a uniform unit potential throughout the model. The maximum difference from unity at any node in the models was less than 5 x 10~6. Thus, it is likely that the individual solutions of potential distribution arising from any one source region are at least this accurate.
Using equipment described previously, 16 measurements of the electrocardiogram can be made at 40-60 locations on the surface of human subjects in the intensive care unit of the Royal Hobart Hospital. Of particular interest is obtaining a forward transfer matrix that yields the potential values at corresponding locations on the surface of the model. This allows comparisons between real human data and simulated cardiac signals. It also allows previously collected data to be used directly as input to the inverse transforms developed using the models. To find the set of nodes on the model' s surface that corresponds to the mappingsystem electrode locations, a program was used that simulates the wrapping of the electrode jacket around the modelled torso. The program does this for each row of electrodes by finding the set of nodes on the model's surface at the appropriate vertical level; these nodes are ordered in sequence around the torso, and those at the correct spacing are selected to match the electrode spacing on the jacket. Thus, for a given model, the matrix T has 40-60 rows and 25 columns.
The system of equations represented by equation 1 is usually ill-conditioned, and a regularization method 17 has been used to overcome this problem. The solution obtained is given by the equation
where I is the appropriately sized identity matrix, and a is a parameter that determines the amount of "smoothing" present in the solution. The effect is to replace the original ill-conditioned system by a slightly different system that is well conditioned. As a is increased, the new system differs further from the original system, and the amount of smoothing present in the solution increases. It is, thus, necessary to choose a value for a that provides adequate smoothing in the solution without perturbing the system of equations too much.
To obtain a reasonable value for the regularization parameter a, epicardial potential distributions for Model 1 were calculated for various values of a using various body surface input data. Hopefully, up to a certain value of a (which will be the optimum value), the main effect will be to reduce unwanted oscillations in the epicardial potential distribution without affecting its capability to represent the "real" epicardial distribution. Beyond this certain value, the epicardial distribution is smoothed so much that it cannot closely represent the real distribution.
The choice of the number of epicardial source regions affects the inverse solutions obtained. Twentyfive regions were chosen for this study because 25 is roughly equivalent to the maximum number of leads thought to be needed to describe any body surface potential distribution that is likely to be observed clinically." 19 Thus, determining 25 epicardial potentials may be the most detailed solution attainable without gross instability. Some results of inverse calculations performed using these models with 26,50, 74, and 98 source regions are available. 20 For each calculated epicardial potential distribution, h, the discrepancy between the corresponding calculated torso surface distribution, Th, and the original measured distribution, b, was checked by calculating both the rms difference and the correlation coefficient. These rms differences and correlation coefficients were plotted for various values of a using body surface input data measured at various points throughout the cardiac cycle. The input data used when calculating these and all subsequent epicardial potentials were measured from a normal 25-year-old male with external torso dimensions similar to the subject's whose CT scans were used to generate Model 1. All input data were referenced to an artificial "central terminal" calculated by averaging all torso leads.
Knowing what effect noise in the torso surface data will have on the calculated epicardial distributions is important. This effect was determined by using noise (limited in amplitude to 200 ^V peak to peak) as input data and by applying the inverse transform on Model 1 for various values of a. For each value of a, the noise amplification factor was calculated as the resultant rms-epicardial noise divided by the rms-input noise (where the rms is measured over all epicardial regions or all torso-surface locations, respectively). This factor was calculated 100 times for each value of a. The noise amplification factor can also be calculated for any epicardial source region as the square root of the sum of the squares of the corresponding row of the inverse transfer matrix, (T'T + alJ -'T 1 . This second method (averaged over all source regions) was used as a check against the repeated noise calculations.
Epicardial potential distributions were also calculated for each model using body surface data measured at 40 msec after the QRS onset. They are displayed as contour maps in a similar format to that used for body surface distributions. The data for each map consist of the potentials at the 25 source regions, which are arranged in five rows with five potential values each. No additional row's or columns of values are added, so the epicardial maps do not appear to wrap either vertically or horizontally. Figure 2 shows the approximate locations of the ventricular and atrial surfaces on an epicardial map.
Results

Forward Calculations
Contour maps of the torso surface potential distributions due to the dipole-like sources in each model are shown in Figure 3 . The overall shapes of the distributions are similar in all models. A positive peak is located on the center front of the torso on or just left of the sternum. A negative peak is located just right of the sternum, and its location is higher than in the positive peak. Generally, the magnitude of the positive peak is equal to or higher than that of the negative peak.
Of interest is the examination of differences among Models 1-4, where only the inclusion of the internal structures has been varied. In Model 1, the magnitude of the positive peak is 10.1 /xV and is positioned just to the left of the sternum in the center of the chest. The magnitude of the negative peak is 10.9 /AV and is positioned just to the right of the sternum in the upper part of the torso.
Removing the lungs (Model 2) reduces the positive peak by 2.7 /u.V (27%). The positive peak also is shifted to a slightly higher location on the torso surface, and the area of positive potentials is reduced. The magnitude of the negative peak is reduced by 0.7 /iV (6%), and its position is shifted slightly towards the sternum.
Removing the spine and sternum (Model 3) has a smaller effect. The positive peak is reduced by 1 /iV (10%) and is shifted higher on the torso surface and positioned over the sternum (or where the sternum was). The area of positive potentials is slightly reduced. The negative peak is reduced by 0.4 /xV (4%), and its position is not changed.
Combining the above changes, that is, removing lungs, spine, and sternum (Model 4), combines the effects of the above two changes. The positive peak is substantially reduced in magnitude and area, and the negative peak is also reduced.
Models 5-11 show that there is a significant variation in solutions with different torso shapes. The positive peak ranges in magnitude from 9.3 /AV (Model 11) to 17.5 /U,V (Model 8). The magnitude of the negative peak ranges from 5.9 /xV (Model 6) to 11.8 ixV (Model 7). Positioning of the positive peak varies from slightly left of the sternum, mid chest, to slightly right of the sternum, lower chest.
The currents flowing at the poles of the dipole sources are shown for each model in Table 2 . Figure 4a shows the input body surface data, and Figure 4b shows the corresponding epicardial potential distributions and calculated body surface distributions (using Model 1) for various values of a. For a = 0, there is a maximum of + 495 mV located on the right front of the heart and a minimum of -350 mV immediately above the maximum. These values are much higher than the voltages that are found on the epicardium in reality. 21 Increasing a leads to smoother and lower-level epicardial distributions and also a decrease in correspondence between the input and calculated torso surface distributions.
Inverse Calculations
The rms difference and correlation coefficient between measured input data and the body surface data calculated from the epicardial distributions are plotted for various measured body surface data and various values of a in Figure 5 . Almost all of the curves show a distinct '.'knee." Before (to the left of) this knee, both the rms difference and correlation coefficient are relatively independent of a, but after the knee, the rms difference increases, and the correlation coefficient decreases with increasing a. This behavior suggests
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that the optimum value of a is likely to be a value occurring in the neighborhood of the knee. The figure shows that the optimum value of a may vary throughout the cardiac cycle. During the QRS complex (top graphs in Figure 5 ), the optimum value of a ranges from approximately 10~4 (at 40 msec from QRS onset) to approximately 10~3 (at 30 msec from QRS onset). In the T wave (bottom graphs in Figure 5 ), the value is more consistent at approximately 8 x 10~\ In the S-T segment (middle graphs in Figure 5 ), the value is harder to specify because of the gentle change in the curves. Of note, however, the magnitude of the input data here is very low, approximately 65 /xV rms over all leads, and the rms difference is less than 25 /xV over the values of a shown. Table 3 shows the results of applying the inverse transform using noise as the input data for various values of a. The noise amplification factor calculated by both repeated noise application and by averaging the square roots of the sums of the squares of the rows of the inverse matrix is shown. The two calculation methods agree, and, as a increases, the transform's sensitivity to noise is reduced. 
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The epicardial potential distributions obtained at 40 msec after QRS onset are shown for each model in Figure 6 . All models show a positive peak on either the left side or posterior of the heart. Usually, a negative peak lies close to and above the positive peak. Models 1-4 show once again that omitting lungs and/or spine and sternum from the models leads to large differences in the solutions. Omitting lungs has a larger effect than omitting bone, causing a 24% reduction in the magnitude of the positive peak and a 9% increase in the magnitude of the negative peak. The location of the positive peak is also shifted much higher on the left side of the heart.
Models 5-11 show significant variations in the solutions. Model 8 is particularly different with a large negative peak located near the apex of the heart, which is under the positive peak. The magnitude of the positive peak ranges from 10.0 mV (Model 8) to 29.4 mV (Model 7), and the magnitude of the negative peak ranges from 9.7 mV (Model 10) to 26.2 mV (Model 8).
Discussion
Forward Calculations
The main features shown in the solutions of the forward problem are consistent with the nature and orientation of the sources. In fact, the torso surface potential distributions produced are quite similar in shape to those measured from a normal subject at mid QRS (compare, e.g., the calculated dipolar distributions shown in Figure 3 with the measured body surface potential distribution shown in Figure 4 ). This supports the idea underlying most conventional electrocardiography and vectorcardiography that the electrical sources in the heart can be approximated by a single dipolar source. Despite the differences in geometry between models, the source currents are almost identical, implying that the effective resistance seen by the source depends almost entirely on the conductivity in the neighborhood of the source.
Models 1-4 differ only in the internal organs that have been included. When the lungs, spine, or sternum are omitted from the model, the corresponding regions increase in conductivity because they are assigned an average torso conductivity, which is substantially higher than the conductivity of either lung or bone. This increase in conductivity tends to "short circuit" the current flowing through the torso, resulting in less current flowing near the skin and, hence, smaller potential differences on the surface of the torso. This decrease in torso surface potentials with increasing lung conductivity is also seen in the eccentric spheres model described by Rudy et al. 22 The results obtained from Models 1-4 described above show that inclusion of the lungs is essential if the forward problem is to be solved accurately. These results also show that the spine and sternum have a smaller effect on the forward solution. The effect of the lungs is greater than the effect of the bony regions probably because of the much greater volume occupied by the lungs. If the ribs were included as well, the effect of the bony regions may be much larger because the bony regions would extend around the torso. The models described include only small portions of ribs attached to the spine. Hopefully, a model can be constructed that properly includes ribs to determine their effect. At the time of writing, the available computing resources have prevented the construction of a sufficiently detailed model. The forward solutions for Models 5-11 show that although major features are similar, there are substantial differences in detail. As expected, the largest positive potential (17.5 /o.V) occurs on the smallest torso (Model 8), although the next largest positive potential (15.8 /AV) occurs on one of the largest torsos (Model 6). Perhaps in this case, the reduction in potentials that would be expected on a large torso is offset by the greater lung volume, which tends to increase torso surface potentials. The number of models presented here is insufficient to provide a detailed account of the effect that each variation in geometry has on the torso surface potentials. Nevertheless, these solutions, together with the results from Models 1-4, show that the use of accurately shaped, inhomogeneous models is important if accurate solutions of the forward problem are required.
Inverse Calculations
These studies show that using some form of smoothing (regularization) is essential when calculating epicardial potentials. The calculations of noise amplification factor show that when regularization is not used (a = 0), noise in the input data is on average increased by a factor of almost 2,000 at the epicardium. This implies that inverse transforms that do not employ some form of smoothing are unlikely to produce satisfactory results. The above calculations show that when using a value of 10~4 for a, noise in the input data will on average be increased by a factor of 21 at the epicardium. However, the calculated epicardial potentials are 10-15 times larger in magnitude than the measured torso surface potentials so that the signal: noise ratio is not decreased by a large factor.
When using the regularization method, both Barr and Spach 23 and Franzone 24 use a constant value for the regularization parameter a throughout the cardiac cycle. The results described above suggest that the optimum value varies throughout the cardiac cycle. However, use of a constant value may be acceptable because moderate variations in a (less than an order of magnitude) lead to relatively minor changes in the calculated epicardial distributions. The advantage of using a constant value is that only one inverse matrix needs to be calculated for use throughout the cardiac cycle.
Of note, Barr and Spach 23 used a statistical method to determine the optimum value of a. This approach required a number of simplifying assumptions regarding the nature of the body surface noise (where noise includes modelling and lead placement errors as well as electrical noise sources) and regarding the nature of the epicardial potentials. A more heuristic method was used in the present study to avoid such assumptions.
Because the regularization method is designed to produce smooth solutions, calculated epicardial potential distributions may not be capable of showing sharp features that may exist in reality. For example, the change in potential at a point where the depolarization wavefront intersects the epicardium may be quite rapid. This is a basic limitation imposed by the ill-conditioned nature of the problem. If avoiding unstable behavior in the solutions is desired, some loss of resolution is unavoidable. This problem may be bypassed to some extent by calculating inverse integral distributions, which are by nature smoother than potential distributions at a particular instant. These are of some interest because a study by Burgess et al" shows that the epicardial QRST integral distribution, in particular, reflects local changes in repolarization properties.
In another study, Cuppen 26 used a different formulation of the inverse problem that yielded the activation times on a surface bounding the heart (both endocardium and epicardium were included in this surface). The activation time is more likely to be a smooth function of position on this surface; therefore, less chance exists that the regularization method employed will remove wanted features. This and related studies provided encouraging results for a normal heart. 27 How this technique can be applied to an abnormal heart is not yet clear. 2 * The direct validation of the epicardial potential distributions shown above would be of great value. This would require measurements of epicardial potential distributions in a human subject using chronically implanted electrodes to minimize departures from a normal torso geometry. To the authors' knowledge, this study has never been done; there are obvious practical and ethical problems. Validation of calculated epicardial potentials has been performed by Barr and Spach 23 using a dog model. In that study, potential measurements were taken from the torso surface of a dog and also from chronically implanted electrodes on the epicardium. Torso geometry was obtained afterwards by serially slicing the dog's frozen carcass. A forward transfer matrix was obtained assuming a homogeneous torso and using a method based on Green's second identity. 29 An inverse transfer matrix was then derived using the regularization method as described above. The results of the study showed that calculated and measured epicardial potential distributions agreed in the major features and sequence of events. A similar study by Franzone, 24 using an isolated dog heart placed in a cylindrical tank and using various regularization methods, showed similar results. These studies provide some encouragement that such methods may also be valid in human models.
The calculated epicardial potential distributions show substantial differences between models. The distribution for Model 8, characterized by a large negative area below the positive peak, is particularly different when compared with the other distributions. This may be due to the different position of the heart in this model. It is not possible to say which model gives the closest approximation to the original epicardial potential distribution that gave rise to the measured input data because the original epicardial distribution is not known. The point is that variations in both the internal conductivity and overall torso geometry cause substantial variations in the solutions. Thus, when calculating epicardial potential distributions from measured torso surface data, an inverse transform should be based on a model that approximates the torso geometry of the subject as closely as possible.
Conclusion
A method has been developed for calculating epicardial potential distributions from measured torso surface potential distributions. Although the resulting epicardial distributions cannot be directly validated, they are physiologically plausible. Furthermore, a number of similar studies performed by other groups on dogs or on isolated hearts, in which the calculated epicardial potential distributions can be directly checked, show that accurate results can be obtained. These results should encourage the evaluation of inverse epicardial potential distributions as a useful tool in a clinical situation.
The shape and conductivity of the torso models used in solving the forward and inverse problems substantially affect the solutions. For the forward problem, this implies that if solutions are desired that are accurate beyond the level of major features, then accurate modelling of the individual torso geometry is essential. For the inverse problem, the implication is that the use of a single torso model is probably insufficient when calculating epicardial potential distributions for more than one subject. In practical terms, this means that substantially more computing is required to produce clinically useful inverse solutions because "personalized" inverse transfer matrixes may have to be computed for each patient. This problem may possibly be circumvented by building up a "library" of inverse transfer matrixes matched to various types of geometry (fat, thin, tall, short, male, female, etc.). To minimize the amount of work involved, the use of an automated system for the construction of the torso models may be necessary.
